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Abstract: In this paper, a simple graph G with the order at least 3 satisfying Chvatal-condition is
A-connected if and only if G is not the 4-cycle was showed, in which A is an abelian group of order
at least 4.

1. Introduction
Graphs in this paper are finite and may have multiple edges. A graph is simple if it has no multiple

edges and loops. Let G be a graph with an orientation D. We use V(G) to denote the set of
vertexes of G and E(G) to denote the set of edges of G . For a vertexv eV (G), we use E™(v)
(orE"(v), respectively) to denote the set of edges with tails (or heads, respectively) atv. For
subgraphs V, and V, ofG, e(V,,V,) denotes the number of edges with one end in V, and the
other end inV,.

Let A be an (additive) abelian group with identity 0 and A" = A—{0}, let F(G,A) denote the set
of all functions from E(G) to A, and F'(G,A) denote the set of all functions from E(G) to
A Given a  function feF(G,A) let of :V(G)—> A be  given
by of (v) = ZGEE(V) f(e)- ZeeE,(v) f (e), where 3 " refers to the addition in A.

Let Z, be an (additive) abelian group of k elements with identity 0. f € F(G,Z,) is called a
Z -flowin G if of(v)=0 for each veV(G). For an edgee € E(G), we call f(e) the flow
value of e . The support of f is defined by S(f)={ee E(G)|f(e) #0}. f is called a
nowhere-zero Z, -flow if S(f)=E(G). For anintegerk > 2, a nowhere-zero k-flow of G isan
integer-valued function fon E(G) such that 0<|f(e)<k for eachee E(G), and of (v)=0
for eachv eV (G). It is well known that G has a nowhere-zero Z, -flow if and only if it has a
nowhere-zero k -flow. Therefore,a Z, -flow is also called a k -flow.

The concept of group connectivity was introduced by Jaeger et al. [2] as a generalization of

nowhere-zero flows. For a graph G, a function b:V(G) — A is called an A-valued zero-sum
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functionon G if Zvev(e)b(v) =0.The set of all A-valued zero-sum functions on G is denoted

by Z(G,A). Given beZ(G,A) and an orientation D of G, a function f eF"(G,A) is an
(A,b) -nowhere-zero flow if of =b.A graph G is A-connected if G has an orientation D
such that for any beZ(G,A), G has an (A,b)-nowhere-zero flow. As noted in [2], G is
A -connected or not is independent of the choice of the orientation D .

In [3], Jaeger et al. made the following conjecture on Z,-connectivity, which implies Tutte's
well-known 3-flow conjecture.

Conjecture 1.1[3] Every 5-edge connected graph is Z,-connected.

If G is a simple graph on n vertices, the degree sequence of G is denoted

by z(G)=(d,,d,,---d,) , where d, <d, <---<d,. If G satisfies Chva'tal -condition that

n-m —

n .
d,>2m+1 or d . >n-m forl<m< > we have the following known results.

(1) If G satisfies pc/)sa-condition, then G satisfies Chva'tal -condition, but the opposite is not
always true.

(2) If G satisfies Chva'tal -condition, then G is Hamiltonian, and G has a nowhere-zero
4-flow, but G isnotalways Z,- connected.

Let A be an abelian group of order at least4 . In [5], Yue Zhang et al. characterized a simple graph

G satisfying p(l)sa-condition with [\/(G)|23 is A-connected if and only if G=C,. In this
paper, we will further characterize a simple graph G satisfying Chva'tal -condition with
V(G)|=3 is A-connected if and only if G = C,(Theorem 1).

2. Preliminaries

Let G be a graph. For a subset X < E(G), the contraction G/ X is the graph obtained from G

by identifying the two ends of each edge e in X and deletinge. For convenience, we write
G/e forG/{e}, whereec E(G).If H isasubgraphofG, thenwe write G/H forG/E(H).

In order to prove Theorem 1, we need the following known results and useful lemmas.
Lemma 2.1[4] let A be an abelian group, then we have the following results:
(1) If H is a subgraph of G and if both H and G/H are A -connected, then G is

A -connected.

(2) C, is A-connected if and only if |A|2n+1,where C, denotes the n-cycle.
(3) K, is A-connected.

Lemma 2.2[1] Let A be an abelian group, if |A| >4 andn>m2>3,then K_  is A-connected,
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where K, denotes the complete bipartite graph.

In the following we always assume that G is a 2-edge-connected graph,

V(G)={v,,v,,---v,} and d;(v;)=d, (i=12,---n), where d, <d, <---<d,.

Lemma 2.3 Let |G|=n>4, G satisfies Chva'tal -condition and G =C,.Then G contains a
triangle with a vertex having degree at least E-‘ or G isa bipartite graph of order gxg which
has a subgraph K3 . (n>6).

2

Proof. We consider the following two cases.
Casel n isodd.

n+1

. n+1 .
By Chva'tal -condition, we have d_ 2% or d., ZT, then there exists an edge
2 2

. and v. having at least one same

V..V, € E(G) with i>nT+1 and d, 2”T+1. Since v
2 2

: . . . . n
adjacent vertex, then G contains a triangle with a vertex having degree at least (E—l .

Case2 n iseven.

By Chva'tal -condition, we have d, 22 or d, 22+1. If d, 22, then there exists an
-1 —4 -1
2 2 2

edge v, Vi € E(G) with i>g—1 and d, 2%. If Ng(v, 1) or Ng(v;) is not an independent
2 2

set, then G contains a triangle with a vertex having degree at least [21 IFNg (v, l) NANg(v,) =9,
L

. : : . n
then G also contains a triangle with a vertex having degree at Ieasth—l. Thus, we only need to

consider the case when N (v, l) and Ng(v,) are independent set, and N (v, l)ﬂ Ng(v)=¢.
2 2

In this case, we have

NG(vn_l)‘:|NG(vi)|:g and Ng (v, JUNg(v)=V(G). Then G is a

bipartite graph which has the bipartition (N (v, 1), N (v,)) .1t is easy to see that there are at least
h

N2 vertices having degree at Ieastg. If n=4, then G=C,, a contradiction. Ifn>6, then

. . n . :
there are at least 3 vertices having degree at least > in Ng(v, ) or Ng(v;) . Thus, G is a
—1
2
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bipartite graph of order gxg which has a subgraph K3 (n>6). If d

N 2E+1, then there
> 2

]

w1 and v, having at least one

exists an edge v, v, € E(G) where i>g+1, d; zg+1 , v
—+1
2 2

: . . . . n
same adjacent vertex. Therefore, G contains a triangle with a vertex having degree at Ieast{ E—l .

3. Conclusions

Theorem 1 Let|G|:n23. If G satisfies Chva'tal -condition, then G is A-connected if and

only if G = C,, where A is an abelian group of order at least 4 and C, isacycle of length 4.
Proof. If G is A-connected, then by Lemma 2.1(2), we have G = C,. Conversely, ifG = C,, then
we will prove that G is A-connected.

If n=3,itiseasy tosee that G is a triangle. By Lemma 2.1(2), G is A-connected. If n>4,
we consider the following two cases.

Case 1 G contains a triangle.

By Lemma 2.3, G contains a triangle with a vertex V' having degree at Ieast(ﬂ. In G,

contract this triangle to a vertex u”, we get a new graph G*. InG*, contract all 2-cycles, loops and

the triangles which contain the vertexu”, we get a new graph G?. For convenience, we still let u”

to denote the new vertex which contracted into. Recursively contract all 2-cycles, loops and the
triangles which contain the vertexu, eventually, we get the simple graphG". Clearly, there is a

connected  subgraph H of G such that G'=G/H . Let H'=G'-u", N(H)|=n,
and[\/(H')| =n,. Clearly, n,>3 andn, >0.If n, >0, since G' is a simple graph, we have that
e(v,H)<1 for any veV(H'). Let u,u,,---u, be all vertices for whiche(u;,H)=1, then

r

{u,,u,,---u.} isaindependent set.
. . , n "
First we consider the case when n is even. Ifn, >n,, thenn, <§' By Chva'tal -condition, we

have d, >n,+1 ord,, >n-n,, then d >n,+1 ord, >n . Since dg(v)<n, for
anyveV(H'), thend, <n,,acontradictionto d, >n, +1. Therefore, d, >n,, then there are at

least n, +1 vertices having degree at least n, in G, then it is easy to see that there are at least

n, +1 vertices having degree at least n, in H. Therefore, r >n, +1, a contradiction. Ifn, <n,,

since v'eV(H) and dG(v')zg : then rz%—nl+121
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andd;(u,)<n,-r+1<n, —(g—nl +1)+1:g (i=12,---r). By Chva'tal -condition, we have

d, >0 o d, >N d, > and dG(ui)<E for anyu,, then there are at least
51 2 5L 2 51 2 2

%+2—(n2 —r)22+2—n2 +(g—nl+1):3vertices having degree at least 2 in H, we have

r> 3(2 -n, +1) . Similarly, there are at least

gJFZ—(n2 -r) 2g+2—n2 +3(2—n1+1) =n-2n,+5>5 vertices having degree at least g in

n . I
H, we have r25(E—nl+1). Recursively we haver >n,, a contradiction. If d 22 and
-1
2

dG(ui):g for oneu,, then there must be haver=2—n1+1, dG(v'):g and V' is the only

vertex which satisfies e(v',H')>0 in H , a contradiction to G is Hamiltonian. If

d, 22+1, then there are at least g—(n2 -r) zg—n2 +(g—n1 +1) =1vertex having degree at
—+1
2
least 2+1 in H , we have r 22+1—n1 +1 . Similarly, there are at least
n n n : : n :
E—(n2 —r)zz—n2 +(E+1_n1+1):2 vertices having degree at least E+1 in H, we have

n . .
r> 2(§+1_ n, +1). Recursively we have r >n,, a contradiction.

Now we consider the case when n is odd. If n, snTJrl, since v'eV(H) and dG(v')znTJrl,

(i=12,-r) .

then rznTH—nl+121 and dG(ui)gnz—r+1snz—(nTJrl—n1+1)+1:nT_1

n_+1’ then there are at least nT+1

n+l —

2

By Chva'tal -condition, we have d 2”T+1 or d
2

. . n+1 . o
vertices having degree at least = in G, then it is easy to see that there are at least

nT+1_ (n,-r)=> nT+1_ n, + (nTJrl— n, +1)=2 vertices having degree at least nT+1 in H.
n+1 _—

Therefore, r> Z(T -n, +1) . Similarly, there are at least

nT+1—(n2 -r) znTJrl—n2 +2(n7+1—n1 +1) >3 vertices having degree at least nTJrl in H.
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Therefore, r > 3(nT+1— n, +1). Recursively we have r >n,, a contradiction. If n, > nT+l then

n, <nT_1. By Chva'tal -condition, we have d,_ >n,+1 or d,, >n-n,,then d, >n,+1 or

n-n, =

d

n

>n,. Since dg(v)<n, for any veV(H'), then d, <n,, a contradiction to d, >n, +1.
Therefore, d, >n,, then there are at least n, +1 vertices having degree at least n, in G, then it
is easy to see that there are at least n, +1 vertices having degree at least n, in H. Therefore,
r >n, +1, a contradiction.

In summary, we always have n, =0 for n is even or odd, then H=G,G'=G/H =K,. By

Lemma 2.1(1) and Lemma 2.1(3), G is A-connected.

Case 2 G does not contain triangles.

By Lemma 2.3, G is a bipartite graph of order gxg which has a subgraph K3n (n>6).
2
Contract the K3 ., and recursively contract all resulting 2-cycles and loops, eventually, we get K;.

By Lemma 2.1(3), G is A-connected.
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